ROLAND, YUI, AND ZAGIER
that Gal(f) has an element of order 5 acting transitively on the set of zeros of f(x), and (ii) guarantees that Gal(f) L A,. The transitive subgroups of A, are Z,,D, and A,. But condition (iii) excludes A,, and since df/dx = .5x4 + a has at least two imaginary zeros, Gal(f) contains an involution, so Gal(f) 3$ Z, . Therefore, Gal(f) % D,.
Weber [2, p. 6761 ( see also cebotarev [ 1, p. 3443 
with m,nEL, dEQX. Since the substitution actp4a, bt-+p5b @EQX) does not change the field generated byf(x), the choice of d does not matter. The easiest choice is d = 1; the "best" choice is to take for d the largest integer such that the numbers a, b defined by (1) and N the normal closure of K (splitting field of f(x)). Denote by L the unique quadratic subfield of N. We list without proofs some of the properties of the field K,,,.
Thus a quadratic field L corresponds to some K,,, if and only if L is imaginary quadratic and no prime z 3 (mod 4) divides the discriminant of L. In particular, 2 always is ramified in L. The density of the three kinds of primes are 50%, 40% and 10%. If (A,/p) = 1, then Q(x, y) =p for some quadratic form Q of discriminant AL and some x,y E Z (this representation is essentially unique). Then the question whether p is inert or splits completely depends on Q and on congruences on x,y modulo 25F (at most). We illustrate the situation with some examples. Since A(-r + 2s, 2r + s) = 55 d(r, s) (this follows from the identity A = 5A5 -5A"B2 +AB4, where A = r2 + s2, B = r2 + rs -s2), we see that in fact at least one of the class numbers in question is divisible by 5 for an? integers r, s.
We give some numerical examples:
